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$h,$ $k\in \mathrm{N},$ $(h, k)=1$ . $s(h, k)$
.




$s(h, k)+s(k, h)=- \frac{1}{4}+\frac{1}{12}(\frac{k}{h}+\frac{1}{hk}+\frac{h}{k})$ .
.
Berndt, Carlitz, Zagier, Egami, Bayad Zagier
$s(h, k)= \frac{1}{4k}\sum_{j=1}^{k-1}\cot(\frac{\pi j}{k})\cot(\frac{\pi hj}{k})$
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, 2
$p,$ $a_{1},$ $\cdots,$ $a_{n}$ ( $n$ : even) ,
$d(p;a_{1}, \cdots,a_{n})$
$:=(-1)^{\frac{n}{2}} \frac{1}{p}\sum_{k=1}^{p-1}\cot(\frac{\pi ka_{1}}{p})\cdots\cot(\frac{\pi ka_{n}}{p})$
, :
1 (Zagier[6]). $a_{0},$ $a_{1},$ $\cdots,$ $a_{n}$ $n+1$ ($n$ : ) 2
,
$\sum_{j=0}^{n}d(a_{j};a_{0}, \cdots,a_{j-1},a_{j+1}, \cdots,a_{n})=1-\frac{l_{n}(a_{0},.\cdot.\cdot.\cdot,a_{n})}{a_{0}a_{n}}$
. $l_{n}(a_{0}, \cdots, a_{n})$ , $l_{n}(a_{0}, \cdots, a_{n})=L_{k}(p_{1}, \cdots,p_{k})$
$(k= \frac{n}{2})$ ($p_{i}$ : $a_{0}^{2},$ $\cdots,$ $a_{n}^{2}$ $i$ )




double $\cot$ function elliptic analogue




$n- \mathrm{l}\mathrm{e}\cot \mathrm{f}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{E}\mathrm{g}\mathrm{a}\mathrm{m}\mathrm{i}(\text{ }\mathrm{Z}\mathrm{a}\mathrm{g}\mathrm{i}\mathrm{e}\mathrm{r})(\mathrm{l}9\Phi 2)73)$
,






limit case ( $d$ )
$\cot$ function elliptic function
( ) elliptic analogue ( ) $\cot$









$\tau,$ $z,$ $\varphi\in \mathbb{C},$ ${\rm Im}\tau>0$ , $q_{\tau}=e^{2\pi i\tau},$ $q_{z}=e^{2\pi iz},$ $L=[\tau, 1]$ :
. $\theta$
$\theta_{\tau}(z):=q^{\frac{1}{\tau^{8}}}(e^{\frac{z}{2}}-e^{-\frac{l}{2}})\prod_{n=1}^{\infty}(1-q_{\tau}^{n})(1-q_{\tau}^{n}e^{z})(1-q_{\tau}^{n}e^{-z})$
. $\theta_{\tau}(z)$ Bayad[2] $D_{\tau}(z;\varphi)$
:
$L=[r, 1],$ ${\rm Im}\tau>0$ ,
$D_{L}(z; \varphi)=D_{\tau}(z;\varphi):=2\pi iq^{\frac{\mathrm{I}\mathrm{m}\mathrm{t}\rho}{z^{{\rm Im}\tau}}}\frac{\theta_{\tau}’(0)\theta_{\tau}(u+v)}{\theta_{\tau}(u)\theta_{\tau}(v)}$, $(z, \varphi\in \mathbb{C}-L)$
. $u=2\pi iz,$ $v=2\pi i\varphi$ .
Bayad , :
$p,$ $a_{1},$ $\cdots,$ $a_{n}$ 2 .
$E_{p}=\{x\tau+y ; (x, y)\neq(0,0), 0\leq x, y\leq p-1, x, y\in \mathbb{Z}\},$ $E_{L}(\omega, \varphi)=$
$\frac{{\rm Im}(\overline{\omega}\varphi)}{{\rm Im}\tau}$ .
$d_{\tau}(p;a_{1}, \cdots, a_{n};\varphi):=\frac{1}{p}\sum_{\omega\in E_{\mathrm{p}}}\exp(2\pi iE_{L}(\omega, \varphi))$
$\mathrm{x}D_{\tau}(\frac{a_{1}\omega}{p};\varphi)\cdots D_{\tau}(\frac{a_{n}\omega}{p};\varphi)$
. Bayad $d_{\tau}$ .
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2 $(\mathrm{B}\mathrm{a}\mathrm{y}\mathrm{a}\mathrm{d}[2])$ . $a_{\mathit{0}},$ $a_{1},$ $\cdots$ , $a_{n}$ 2 ,
$d$ $a_{\mathit{0}}+a_{1}+\cdots+a_{n}$ .
, $\mathbb{C}/L$ $0$ $d$ $\varphi$
$\sum_{k=0}^{n}d_{\tau}(a_{k};a_{0}, \cdots,a_{k-1},a_{k+1}, \cdots, a_{n};\varphi)=-\frac{M_{n,\tau}(a_{\mathit{0})}a_{1}.’\cdot\cdot,a_{n};\varphi)}{a_{\mathit{0}}\cdot a_{n}}$:
. $M_{n,\tau}(a_{\mathit{0}};a_{1}, \cdots, a_{n};\varphi)$ $\prod;_{=\mathit{0}}(a_{k}z)D_{\tau}(a_{k}z; \varphi)$
$z^{n}$ .
3. $\frac{1}{2\pi i}D_{\tau}(\frac{z}{2\pi i};\frac{1}{2})=\varphi’(\tau, z)$ : Egami[4] ,
$( \frac{1}{2\pi i})^{n}pd_{\tau}(p;a_{1}, \cdots, a_{n};\frac{1}{2})$
$=D_{\tau}’(p;a_{1)}\cdots, a_{n}):\mathrm{E}\mathrm{g}\mathrm{a}\mathrm{m}\mathrm{i}[4]$
$.\text{ }$ – .
$D_{\tau}’$ Egami( 1)[4] .
4(Egami( 1) [4]). $a_{0},$ $a_{1},$ $\cdots,$ $a_{n}$ 2
; $a_{\mathit{0}}+\cdots+a_{n}$
$\sum_{k=0}^{n}\frac{1}{a_{k}}D_{\tau}’(a_{k};a_{0}, \cdots, a_{k-1}, a_{k+1}, \cdots, a_{n})=-\frac{M_{n,\tau}(a_{\mathit{0}},\cdot.\cdot\cdot,a_{n})}{a_{\mathit{0}}\cdot\cdot a_{n}}$
. $M_{n,\tau}(a_{\mathit{0}}, \cdots, a_{n})$ \Pi 0(akz)\mbox{\boldmath $\varphi$}’ $(\tau, a_{k}z)$ $z^{n}$
.






5. $p,$ $a_{1},$ $\cdots,$ $a_{n}$ 2 . $d$
2 . $d$ $\frac{m}{d}$ $(m\in \mathbb{N}, d \dagger m)$ ,
$( \frac{1}{2\pi i})^{n}\lim_{{\rm Im}(\tau)arrow\infty}pd_{\tau}(p;a_{1},$ $\cdots,a_{n};\frac{m}{d})$
$=( \frac{1}{2i})^{n},\sum_{n=1}^{p-1}\prod_{q=1}^{n}(\cot\pi(\frac{m}{d})+\cot\pi(\frac{a_{q}n’}{p}))$
$+( \frac{1}{\xi^{m}-1})^{n}p\sum_{m=1}^{\mathrm{p}-1},(\xi^{-mm’})\prod_{k=1}^{n}(\xi^{-m})[a\sim_{\mathrm{p}}m’]$
. $\xi=e^{2\pi i\frac{\iota}{d}}$ .
6. $\cot\pi(\frac{m}{d})=0(\frac{m}{d}=\frac{1}{2})$ Egami( 2)[4]
.
, $\tau$ .
7. 5 . $d$ $\frac{m\tau}{d}(m\in \mathrm{N}, d\{m)$
$( \frac{1}{2\pi i})_{{\rm Im}}^{n}.\lim_{(\tau)arrow\infty}pd_{\tau}(p;a_{1},$
$\cdots,$ $a_{n}; \frac{m\tau}{d})$
$=, \sum_{n=1}^{p-1}(\xi^{n’m})\prod_{k=1}^{n}\frac{e^{2\pi i\frac{m}{d}\cdot\underline{\circ}}\mathrm{p}\mathrm{A}^{\underline{n’}}}{e^{2\pi i^{\underline{a}_{k^{\underline{n’}}}}}\mathrm{p}-1}$
$=, \sum_{n=1}^{p-1}(\xi^{n’m})\prod_{k=1}^{n}\sum_{t=0}^{\infty}B_{t}(\frac{m}{d})\frac{(2\pi i^{a}-\mathit{1}^{\underline{n’}})^{t-1}p}{t!}$
. $m>d$
$d_{\tau}(p;a_{1}, \cdots, a_{n};\frac{m\tau}{d})=d_{\tau}(p;a_{1}, \cdots, a_{n};\frac{r\tau}{d})(m=df+r, 1\leq r\leq d-1)$
. $B_{n}(x)$ $\frac{te^{xt}}{e^{t}-1}=\sum_{n=0}^{\infty}B_{n}(x)$
.
Zagier – . 5
1 $K(p;a_{1}, \cdots, a_{n};\frac{m}{d})$ . 1 [3]
55 .
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8. $a_{0},$ $a_{1},$ $\cdots,$ $a_{n}$ 2 . $d|(a_{\mathit{0}}+a_{1}+$
. . . $+a_{n}$ ) $(d\geq 2)$ . $n$ . $d$ $(m\in \mathrm{N}$ ,
$d\{m$ ) ,
$( \frac{1}{2\pi i})\sum_{k=\mathit{0}}^{n,n}\lim_{{\rm Im}\tauarrow\infty}d_{\tau}(a_{k};a_{\mathit{0}},$ $\cdots,$ $a_{k-1},$ $a_{k+1},$ $\cdots,$
$a_{n}; \frac{m}{d})$
$=-( \frac{1}{2\pi i})^{n}\lim_{{\rm Im}\tauarrow\infty}\frac{M_{n,\tau}(a_{\mathit{0}};a_{1}.’\cdot\cdot,a_{n};\frac{m}{d})}{a_{0}\cdot a_{n}}$:
$l_{i}(i=2,4, \cdots, n)$ $\xi$ . $\xi=e^{2\pi i\frac{1}{d}}$
.
$1- \frac{l_{i}(a_{m_{0}},\cdot,a_{m_{*}}.)}{a_{m_{0}}\cdot a_{m_{1}}}||=l_{i}’(a_{m\text{ }}, \cdots, a_{m_{i}})$ $(0\leq m_{\mathit{0}}<\cdots<m_{i}\leq n,$ $i=$
$2,4,$ $\cdots,$ $n)$ , $c= \cot\pi(\frac{m}{d})$ ,
$( \frac{1}{2\pi i})^{n}\sum_{k=0}^{n}\lim_{{\rm Im}\tauarrow\infty}d_{\tau}(a_{k};a_{0},$ $\cdots,a_{k-1},a_{k+1},$ $\cdots,a_{n};\frac{m}{d})$
$= \frac{1}{2^{n}}\{l_{n}’(a_{\mathit{0}}, \cdots,a_{n})-c^{2}\sum_{n-2<m_{n-1}\leq n}l_{n-2}’(a_{m_{1}}\mathit{0}\leq m_{1}<\cdots<m , \cdots, a_{m_{n-}2},a_{m_{n-}1})$
$+c^{4} \sum_{\mathit{0}\leq m_{1}<\cdots<m_{n-}4<m_{n-}\mathrm{s}\leq n}l_{n-4}’(a_{m_{1}}, \cdots,a_{m_{n}-4},a_{m_{n-3}})+\cdots$
$+(i)^{n-2}c^{n-2} \sum_{0\leq m_{1}<m_{2}<m\epsilon\leq n}l_{2}’(a_{m_{1}}, a_{m_{2}},a_{m_{3}})\}+(\frac{1}{2i})^{n}\cdot \mathrm{c}^{n}\cdot\sum_{k=0}^{n}(1-\frac{1}{a_{k}})$
$-( \frac{1}{\xi^{m}-1})^{n+1}\cdot(\xi^{m(n+1)}-1)$
. 8 Zagier –
.
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9. $a_{0},$ $a_{1},$ $\cdots,$ $a_{n}$ 2 . $d$ 2
, $n$ . $d$ $(m\in \mathrm{N}, d\{m)$
,
$\sum_{k=0}^{n}\frac{1}{a_{k}}K(a_{k};a_{0},$ $\cdots,a_{k-1},a_{k+1},$ $\cdots,a_{n};\frac{m}{d})$
$= \frac{1}{2^{n}}\{l_{n}’(a_{0}, \cdots, a_{n})-c^{2}\sum_{\mathit{0}\leq m_{1}<\cdots<m_{n}-2<m_{n-}\iota\leq n}l_{n-2}’(a_{m_{1}}, \cdots, a_{m_{n-2}},a_{m_{n-1}})$
$+ \cdots+(i)^{n-2}c^{n-2}\sum_{0\leq m\iota<m_{2}<ms\leq n}l_{2}’(a_{m_{1}},a_{m_{2}},a_{m_{3}})\}$
$+( \frac{1}{2i})^{n}\cdot c^{n}\cdot\sum_{k=0}^{n}(1-\frac{1}{a_{k}})$
.
10. $\frac{m}{d}=\frac{1}{2}$ 9 1 .
$\frac{m}{d}=\frac{1}{2}$ $l_{n}$ Egami( 1)[4]
.
11. 8 . $d=2,$ $m=1$ ,
$( \frac{1}{2\pi i})^{n}\sum_{k=\mathit{0}}^{n}\lim_{{\rm Im}\tauarrow\infty}d_{\tau}(a_{k};a_{\mathit{0}},$ $\cdot$ . . , $a_{k-1},a_{k+1},$ $\cdots,a_{n};\frac{1}{2})$
$=- \lim_{{\rm Im}\tauarrow\infty}\frac{M_{n,\tau}(a_{0},.a_{1},\cdots,a_{n})}{a_{0}\cdot\cdot a_{n}}=-\frac{1}{2^{n}}\cdot,\frac{l_{n}(a_{\mathit{0}},.\cdot.\cdot.\cdot,a_{n})}{a_{\mathit{0}}a_{n}}$






[1] M.Asano, A generalization of the reciprocity law of multiple
Dedekind sums, preprint.
[2] A.Bayad, Sommes de Dedekind elliptiques et formes de Jacobi, Ann.
Inst. Fourier, Grenoble 51,1(2001), 29-42.
[3] B.C.Berndt, U.Dieter, Sums involving the greatent integer func-
tion and Riemann-Stieltjes integration, J. Reine Angew. Math. 337
(1982), 208-220.
[4] S.Egami, An elliptic analogue of multiple Dedekind sums, Composi-
tio Math., 99(1995), 99-103.
[5] F.Hirzebruch, Topological methods in algebraic geometry, Third En-
larged Edition, Berlin-Heidelberg-New York, Springer, 1966.
[6] D.Zagier, Higher order Dedekind sums, Math. Ann., 202(1973), 149-
172.
37
